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In this work, we study some general property of a strongly correlated electron
system defined on a lattice. Assuming that the lattice system exhibits off-diagonal
long-range order, we show rigorously that this assumption would lead to Meissner
effect. This generalizes previous results of continuous case to a lattice electron system.
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It was well known that both the superfluid and the superconductivity are characterized
by existence of off-diagonal long-range orders. Pernose and Onsager pointed out that for
interacting boson systems the Bose-Einstein condensation’s mathematical statement is non-
vanishing off-diagonal long-range order in the reduced density matrix ρ1 [1]. The interacting
fermion systems were investigated by C. N. Yang, and a detailed study and generalization
of ODLRO were carried out [2]. It was shown that the superconductivity in interacting
fermionic systems is characterized by non-vanishing off-diagonal long-range order in the
reduced density matrix ρ2 [2].
Two basic features of superconductivity are the Meissner effect and the flux quantization
[6]. If an interacting fermionic system has off-diagonal long-range order, one should be able
to mathematically derive the Meissner effect and the flux quantization. In fact, there was
some recent proof of Meissner effect as a consequence of existence of ODLRO [3]. Later,
the proof was extended to prove the flux quantization as a result of non-vanishing ODLRO
[4], and to a case of the most general magnetic field distribution [5]. The considerations
were all concerned with interacting continuous fermion system mathematically described by
Schro¨dinger operator. One would expect a similar proof should be true for a lattice fermion
system.
Recently, there have been intense studies on the possibilities of superconductivities of
lattice electron systems induced by electron-electron correlations, because of the discovery
of high temperature superconductivity. For the Hubbard model, a notable and the simplest
model describing interacting lattice electron system, some η pairing states were constructed
by Yang in any dimensions [7]. These states have off-diagonal long-range order, and electron
systems in these states should be superconducting (unfortunately, these states are not the
ground states of the Hubbard model). In the following, we show that given existence of
ODLRO for a lattice electron system, one can derive Meissner effect. This generalizes the
previous results of continuous quantum systems to lattice electron systems.
Let us consider a system of interacting electrons in a uniform magnetic field on a two
dimensional square lattice defined by the two basis vectors ex and ey. The hamiltonian for
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this system is
H = tx
∑
i,σ
(eiθ
x
i c+i+ex,σci,σ + h.c) + ty
∑
i,σ
(eiθ
y
i c+i+ey ,σci,σ + h.c) + V ({ni,σ}) (1)
where c+i,σ and ci,σ are the creation and annihilation fermionic operators for an electron at
site i with spin σ, tx and ty are the real hopping amplitudes along the x and the y directions
respectively. The potential V is any real interaction of the electrons, depending only on the
numbers of electrons ni,σ = c
+
i,σci,σ and the phases θ
x
i and θ
y
i are such that
θxi + θ
y
i+ex − θxi+ey − θyi =
e
h¯c
φ, (2)
with φ the magnetic flux through each plaquette of the lattice. In the following, we shall
demonstrate that assuming existence of ODLRO in this lattice system, the only allowed
magnetic field is zero.
The hamiltonian H is not invariant under usual translations, but it is well known that
there exist magnetic translation operators under which the hamiltonian is invariant both for
the continuous system [8] and for the lattice system. For the lattice system the two magnetic
translation operators Tx and Ty are defined by the following unitary transformations of the
electronic operators
Tx : c
+
i,σ → eiχxi c+i+ex,σ
Ty : c
+
i,σ → eiχ
y
i c+i+ey,σ
(3)
where the phases χxi and χ
y
i are given by
χxi = θ
x
i + iyφ
χ
y
i = θ
y
i − ixφ. (4)
where i = (ix, iy). Moreover, they satisfy the following relation
χxi + χ
y
i+ex − χxi+ey − χyi = −
e
h¯c
φ. (5)
It is easy to prove that Tx and Ty commute with H but not with each other since Eq.(5)
gives eiφTyTx = TxTy.
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On a lattice, the ODLRO is defined by the requirement that
Ci,j =< c
+
i,↑c
+
i,↓cj,↑cj,↓ > 6= 0 when | i− j |→ ∞ (6)
where the brackets designate the canonical average
< A >= Tr(ρA)
ρ =
e−βH
Tre−βH
(7)
with β the inverse of the temperature and the trace is performed over the Hilbert space with
fixed N number of electrons. Ci,j can be seen as matrix elements of a matrix C and thus,
we can make a spectral decomposition as
Ci,j =
∑
k
αkψk(i)
∗ψk(j) (8)
where αk and ψk are the eigenvalues and eigenvectors of Ci,j. If we have ODLRO, then there
exist an eigenvalue (for example α0) of order N [2]:
Ci,j → φ(i)∗φ(j) when | i− j |→ ∞ (9)
where φ(i) =
√
α0ψ0(i).
The magnetic translations operators allow us to express the function φ(i) at different
points. Let use choose a basis {| n >} of the subspace with N electrons. Since Tx is a
unitary operators, {| T−1x n >} is still a basis. We can thus express Ci,j in these two different
basis
Ci,j =
∑
n
< n | ρc+i,↑c+i,↓c+j,↑c+j,↓ | n >=
∑
n
< T−1x n | ρc+i,↑c+i,↓c+j,↑c+j,↓ | T−1x n >
=
∑
n
< n | ρTxc+i,↑c+i,↓c+j,↑c+j,↓T−1x | n >= e2i(χ
x
i
−χx
j
)Ci+ex,j+ex
where we have used the fact that H commute with ρ and the definition (3) of the magnetic
translation operators. In the ODLRO limit, we get
φ∗(i)φ(j) = e2i(χ
x
i
−χx
j
)φ∗(i+ ex)φ(j + ex), (10)
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and thus
φ(i) = eiλxe2iχ
x
i φ(i+ ex) (11)
where λx is a real number independent of the site i. On the other hand, if we use the basis
{| T−1y n >} we have
φ(i) = eiλye2iχ
y
i φ(i+ ey) (12)
with λy a fixed real number. With Eqs.(11) and (12), we can go along the path i, i+ ex, i+
ex + ey, i+ ey, i to find a condition on the magnetic flux enclosed by this path:
φ(i) = eiλxe2iχ
x
i φ(i+ ex)
= eiλxe2iχ
x
i eiλye2iχ
y
i+exφ(i+ ex + ey)
= e2iχ
x
i eiλye2iχ
y
i+exe−2iχ
x
i+exφi+ey
= e2iχ
x
i e2iχ
y
i+exe−2iχ
x
i+exe−2iχ
y
i φ(i)
= e
2ie
h¯c
φφ(i) (13)
where we have used Eq.(5) for the last equality. We have found the following constraint on
the flux
e
2ie
h¯c
φ = 1 (14)
and thus
φ = n
hc
2e
(15)
with n an integer. If we take n to be 1, we get a flux which corresponds to a magnetic
field of the order of 109G, since the area of each plaquette is of the order A˚2. This value
of magnetic field is impossible practically. Then, the only possible choice is n = 0, which
corresponds to zero magnetic field. This is precisely the Meissner effect.
This result may apply to many interesting electron systems. Recently, there have been
considerable activities of constructing correlated electron Hamiltonians which have the η
pairing-type states as their ground states [9,10]. One example is
5
|G >= ∑
{x}
Ne∏
i=1
c
†
xi↑
c
†
xi↓
|0 > . (16)
This wavefunction has non-zero off-diagonal long-range order. A lattice system with a
ground state given above would not be able to support nonzero magnetic field.
In conclusion, we have proved that for a lattice electron system, the assumption of
existence of ODLRO in the ground state (or at finite temperature) would naturally lead
to the Meissner effect. This remark generalizes the previous consideration of continuous
electron system described by Schro¨dinger operator to a correlated lattice electron system.
One would also expect that for a lattice electron system, the existence of ODLRO would
also lead to flux quantization. It would be very interesting to provide a clear mathematical
proof of flux quantization, as a consequence of existence of ODLRO in a lattice electron
system.
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